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Poincare gauge theories that, in the absence of spinning matter, reduce to the one-parameter 
teleparallel theory are investigated with respect to their mathematical consistency and experimental 
viability. It is argued that the theories can be consistently coupled to the known standard model 
particles. Moreover, we establish the result that in the classical limit, such theories share a large 
class of solutions with general relativity, containing, among others, the four classical black hole 
solutions (Schwarzschild, Reisner-Nordstr0m, Kerr and Kerr-Newman) , as well as the complete class 
of Friedman-Robertson- Walker cosmological solutions, thereby extending older viability results that 
were restricted to the correct Newtonian limit and to the existence of the Schwarzschild solution. 
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I. INTRODUCTION 

In the quest of a Poincare gauge theory with a suit- 
able limit in the absence of spinning matter fields, we 
came to the conclusion that no consistent theory with 
teleparallel limit exists if we require the field equations 
to reduce, in the spinless limit, to the field equations of 
general relativity. The reason for the inconsistency of 
such theories was found in the frame invariance of the 
field equations in the classical limit, i.e., invariance un- 
der a local Lorentz transformation of the tetrad field with 
the connection held fixed, thereby generalizing the anal- 
ysis of Kopczyhski Q] from purely teleparallel theories 
to the subclass of Poincare gauge theories with telepar- 
allel limit [lj . (Whenever we use the expressions spinless 
(or classical) limit, or simply limit, we mean in the limit 
of vanishing spin, i.e., in the absence of spinning matter 
fields.) On the other hand, we have already indicated in 
1] that one can modify the theories by adding a term of 
the form XT^^Tu^ to the Lagrangian means total 
antisymmetrization) , without sensibly changing the clas- 
sical limit of the theory. The limit of such theories corre- 
sponds to the so-called one-parameter teleparallel theory 
(sometimes called new general relativity (3j)- As pointed 
out in 0, this reduces the frame invariance to a rather 
restricted class of transformations (special Lorentz trans- 
formations that leave the axial part of the torsion invari- 
ant), therefore taking care, to a certain extend, of the 
consistency problem. Moreover, it has already been es- 
tablished in |3[ that the resulting field equations are still 
in agreement with the experimental situation, indepen- 
dently of the value of A. This result was based on the 
consideration of the Newtonian limit on one hand and on 
the existence of the Schwarzschild solution on the other 
hand. This ensures agreement with the classical experi- 
ments (perihelion shift, light deflection, red shift). 

Proceeding in the same fashion as in [| , the above re- 
sults are easily generalized from the framework of purely 
teleparallel theories to the class of Poincare gauge theo- 
ries with a teleparallel limit. In this paper, we deal with 
two questions: 1) Are the theories with a teleparallel limit 
corresponding to the one parameter theory, A ^ 0, really 



consistent, or does the remaining frame invariance still 
represent a severe problem? 2) Can we extend the re- 
sults on the experimental viability? Or otherwise stated, 
since general relativity seems to be in agreement with ev- 
ery experiment carried out so far, does the one-parameter 
theory admit more general relativity solutions apart from 
the Schwarzschild metric? 

It should be noted that both questions can be dealt 
with within the framework of the purely teleparallel grav- 
ity. The actual problems are thus unrelated to the fact 
that the theory arises here as classical limit of a spe- 
cific Poincare gauge theory, whose main motivation is, in 
the words of Kopczyhski, to grant the spin independent 
dynamical meaning 0] ■ In other words, the results are 
useful not only to those who, like us, consider the one- 
parameter theory as a starting point for the construction 
of viable Poincare gauge theories with propagating curva- 
ture and torsion, but also to those who see in the theory 
merely an alternative to general relativity. 

The paper is organized as follows. In section II, we 
introduce a concrete Lagrangian, exemplifying the theo- 
ries we deal with. We derive the field equations and their 
classical limit. In section III we discuss the consistency 
question in presence of spinning matter fields, and finally, 
in section IV, we show that the classical limit of our the- 
ory, and more generally, of the one-parameter teleparallel 
theory, shares with general relativity an important class 
of metrics, containing, among many others, the known 
black hole solutions and the relevant cosmological solu- 
tions. 



II. FIELD EQUATIONS AND CLASSICAL 
LIMIT 

Our notations are identical to those of 0. Especially, 



the torsion is given by T a ik = 
curvature by R a btk = T « +r« ci r 
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i, k] and the 
k] , where ef and 
T a bi are the tetrad field and the Lorentz connection, re- 
spectively. As argued in p|, the suitable Lagrangian for 
the construction of Poincare gauge theories with prop- 
agating torsion and curvature presenting a teleparallel 
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limit is given by 

L = R — - A T m T m - l -T %kl T lkl + T\ k T m l + XT^ kl % kl] , 

where we have added the term XT^'Tu^n , in order to 
break the frame invariance. Clearly, this term can also 
be written as combination of terms of the form of the 
second and third terms in L, but we prefer here to write 
it separately because our study will focus on this term. 
(Note also that L is a scalar, while the Lagrangian density 
is given by C = eL, where e = det ef.) 

Before we continue, let us remind that the consistency 
problems in the framework of the purely teleparallcl the- 
ory (or new general relativity) has been considered by 
Kopczyhski [2| some twenty years ago, and in a series 
of follow up articles, notably in H. A more complete 
set of references can be found in Q . Especially, in [j| , 
the teleparallel theories were incorporated into the gen- 
eral framework of Poincare gauge theory with the help 
of Lagrange multipliers. Recently, in |6j, the consistency 
problem has once again been discussed under the aspects 
of the symmetry properties of the stress-energy tensor. 
Such continuous interest in the subject underlines its im- 
portance and the need for a definite answer. 

If we proceed adding any term of second order in the 
curvature tensor to L, we find a theory with the required 
properties. To be concrete, we consider the following 
Lagrangian 



to denote with a hat all quantities constructed from the 
torsionless connection and that D m is defined to act with 
T ab m on tangent space indices a,b,.., and with T\ m (the 
Christoffel symbols) on spacetime indices l,m, . . ., while 
the semicolon denotes the usual covariant differentiation 
with the Christoffel connection. (It should be obvious 
what is meant by the somewhat sloppy, but convenient 
notation involving the total antisymmetrization over in- 
dices of different nature in the second term of Eq. (3).) 

The case A = has been discussed in 0. It is an 
Einstein- Yang-Mills system for the Lorentz gauge field 
r ab m . The Einstein equation is symmetric in that case, 
as a result of the invariance of Cq under frame transfor- 
mations, and thus, the coupling to spinning matter fields, 
which present an asymmetric stress-energy tensor, leads 
to inconsistencies. 

The scope of this article is to analyze the question 
whether the introduction of the term XT^^Tu^n resolves 
this problem (section III) and to what extend the classi- 
cal limit is influenced by this modification (section IV). 

In the classical, spinless limit, we see from Eq. (3) 
that the groundstate solution is given by R ab i m = 0, i.e., 
we have a teleparallel geometry. Further, we find the 
constraint on the torsion, J 1 !'*^ = (no axial torsion). 
The remaining equations are thus 
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We have also included a matter Lag rangian £ m — cZ/ m , 
(we write L = Lq + L m ) and define the canonical stress- 
energy tensor T a m = (l/2e)S£ m /5e™ as well as the spin 
density <7 ab m = (l/e)S£ m /ST ab m . Variation with respect 
to the independent fields ef n and T ab m leads to the fol- 
lowing set of field equations 
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under the condition R a lm = 0. If we use the Poincare 
gauge freedom (see 0) to choose T ab m = 0, the set of 
equations (5,6) essentially determines the tetrad field ef. 
It is evident that the same classical limit will be achieved 
for Lagrangians containing additional terms quadratic in 
the curvature (e.g., R 2 or R %k Rik). 

It must be realized that our (classical) equations are 
stronger than those usually considered in teleparallel the- 
ories, where the Lagrangian is considered right from the 
start to depend only on [tetrad gravity). In the lat- 
ter approach, Eq. (6) is absent and consequently, Eq. 
(5) includes the contribution from t^K The statement 
T ab m is zero (as a consequence of the field equations) is 
quite different from the statement T ab m is absent (right 
from the start). Both approaches share the solutions with 
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symmetric stress-energy tensor of the (Lorentz)- Yang- 
Mills field, while rij is given by 
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We refer to (2) and (3) as Einstein and Cartan equa- 
tion, respectively. Recall that we took the convention 



We now come to the problem that has been discussed 
extensively in lj for the case A = 0. The fact that 
the Lagrangian Lq is invariant under frame transforma- 
tions leads to problems in the coupling to spinning mat- 
ter fields, which are described by a non-frame invariant 
Lagrangian. This is most easily seen in the fact that the 
Einstein equation in such cases has a symmetric left hand 
side, while the stress-energy tensor of the matter fields 
will be asymmetric. We also showed that, even in the case 
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where Lq is not frame invariant, but leads nevertheless to 
a frame invariant groundstate (by groundstate, we mean 
here the field configuration in the absence of spinning 
matter) , problems arise when one considers spinning test 
particles entering the gravitational fields, ft turns out 
that not all the measurable gravitational fields are de- 
termined by the field equations, and as a consequence, 
the behavior of spinning test particles is not entirely pre- 
dictable. 

Here, we wish to address the question whether those 
inconsistencies are remedied by the introduction of the 
term XT^T^ in Eq. (1). The same problem, in the 
framework of the purely teleparallcl theory, has been dis- 
cussed inlp and in the follow-up articles (see the refer- 
ences in [l|]). Our specific Lagrangian is such that the 
(vacuum) field equations have the same symmetry prop- 
erties (concerning the frame transformations) in both the 
general case [Eqs. (2,3)] and the classical limit [Eqs. 
(5,6)]. This allows us to make the discussion directly on 
the Lagrangian level. (If one adds terms like R 2 to Lq, 
the classical limit field configurations will have a larger 
symmetry than the Lagrangian itself, and the discussion 
will have to be transferred to test particles moving in 
classical field configurations, as in [lj. The conclusions, 
however, are the same in both cases.) 

First, note that under a frame transformation ef — > 
A a b e b (with r a k fixed), the metric gik and the curvature 
R ab l m are invariant, while the torsion transforms as 

T a lk - A\T b lk - e b [k D t] A a b , (7) 

or, if we consider the spacetime form T l ik = e l a T a ik , 

T^n fc -A Q c e^ fe A]AV (8) 

Our notation is such that the transformation matrix 
A a b can be dealt with as if it were a tensor, i.e., in- 
dices are raised and lowered with r\ ab and, in virtue of 
A c a A d b i] cd = r] ab , it holds A b a = (A _1 ) a b . (The meaning 
of the notation DiA a b is then also obvious.) We see that 
in the absence of the second terms in (7,8), T a ik trans- 
forms as a tensor (precisely, as a vector valued two- form) , 
while T l ik remains invariant. Note that a sufficient con- 
dition for this is not, as is sometimes stated, that A a b 
is a rigid frame transformation (A a bi — 0), but rather 
that it is what could be called covariantly rigid, namely 
DiA a b = 0. In the teleparallel limit R ab ik = 0, we can 
choose T ab i = and both conditions coincide. 

Apart from those covariantly rigid transformations, 
which do not represent a problem, since the matter fields 
too are invariant under those, it is clear that Lq (i.e., 
Lagrangian (1) without the part L m ) is invariant under 
the specific subclass of frame transformations that leave 

invariant the totally antisymmetric part of the torsion, 
T [iki]_ xhig 

is an immediate consequence of the fact that 
for A = 0, Lq is invariant under general frame transfor- 
mations. That such restricted transformations exist has 
been established by Kopczyhski in [2j , who has also given 
explicit examples. 



Clearly, for this subclass of restricted frame transfor- 
mations, the whole discussion of [l| applies, whenever the 
matter Lagrangian is not invariant under those specific 
transformations. We wish to point out in this article that 
no established theory exists that contains an elementary 
particle Lagrangian which is not invariant under the re- 
stricted frame transformations. 

First, consider bosonic fields. It is commonly accepted 
(see the review article 0) that scalar fields couple only 
to the metric, and not to T *. The same holds for the 
Maxwell field and for gauge fields in general, which are 
considered to be one-forms Aj = A A dx l , and not vector 
valued scalars A a . Any other coupling to the gravita- 
tional fields leads to a violation of the internal gauge 
invariance (see 0). Such fields, consequently, have a 
symmetric stress-energy tensor and a vanishing canoni- 
cal spin density a ab m = (1/ e)8C m / 5T ab m . It is also clear 
that nothing will change on this situation if a symmetry 
is spontaneously broken, as in the case of the Weinberg- 
Salam model. Thus, although it is sometimes argued that 
massive vector fields (like the Proca field) can be cou- 
pled consistently to torsion (because they do not have the 
gauge invariance of their massless counterparts anyway), 
such models do not arise from the spontaneous break- 
down of a gauge symmetry in a conventional Higgs model. 
Summarizing, the standard model spin zero and spin one 
fields are described by frame invariant Lagrangians. 

Let us now turn to fermions. Committing a common 
abuse of language, fermions were actually what we meant 
by spinning particles in the first place, namely, particles 
with a non- vanishing spin density c ab m . As it seems, 
all the particles so far observed (leptons and quarks) are 
spin 1/2 fermions described by a Dirac type Lagrangian. 
In virtue of the well known result that such particles, 
when minimally coupled to the connection T ab m , effec- 
tively couple only to the totally antisymmetric part of 
the torsion (see |2J), their Lagrangian is invariant under 
the restricted frame transformations which leave the axial 
part of the torsion unaffected. Consequently, all physical 
quantities will not change during such a restricted frame 
change. Especially, the parts of the torsion that are not 
completely determined by the field equations (due to the 
freedom in the choice of a frame) do not couple to spin 
1/2 test particles entering the gravitational fields and are 
thus physically irrelevant. 

This statement can already be found in and also in 
. It is based on the observation that the Lagrangian 
is constructed from a suitable contraction of the quan- 
tities ip,D m tp and ej^, which, in the absence of torsion, 
transform homogeneously (i.e., as spinors and tensors, re- 
spectively) under — > A a b e b m , as we know from general 
relativity, and thus, the only non-homogeneously trans- 
forming quantity under the frame transformation is the 
torsion (appearing in D m ip). Restricting the transfor- 
mations to those leaving the only involved part of the 
torsion, , invariant, leads to the above conclusion. 

We wish to point out here that, although the state- 
ment is correct in a certain sense, things are a little bit 
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more involved, and the above line of argumentation is 
not correct. 

The Dirac Lagrangian, minimally coupled to the con- 
nection T ab m is given by 

L m = l -{^TD m 4, - D m *Pj m iP), (9) 

where D m ip = (d m ^ - \Y ab m a ab )^, D m $ = d m rjj + 
^T ab m ^a_ ab , 7 m = e™ 7 a and o ab = |[ 7a ,7fc]- The mass 
term mipip is unproblematic and has been omitted for 
simplicity. 

The Lagrangian (9) is invariant under the following 
gauge transformation 

tp — + e~^ £ ' :d ' 7cd ip, 
v a _> A a A d v c — A c A a 

x bm 11 c J1 b x dm J1 o 11 c.m' 

e a m -> K\e b ml (10) 

under the condition that (infinitesimally) A a fc = 5 b + e a b . 
We have identified this as (Lorentz part of the) Poincare 
gauge transformation in , in view of the relation of e" n 
to the gauge potentials of the translational part of the 
Poincare group (see 0). The fact that (9) in invariant 
under (10) is not simply a result of suitable contractions 
on spinor and tensor indices, but in addition, a major 
role is played by the fact that the Lorentz generators <j ab 
do not commute with the Dirac matrix 7 ™ 1 = e^ 7 a that 
appears explicitely in (9). This is the result of the fact 
that, when dealing with the Lorentz group, as opposed 
to conventional gauge theories, inner space, where the 
gauge transformation takes place, coincides with Dirac 
(or spinor) space. Therefore, in contrast to other gauge 
theories, it is not necessary to add an additional index to 
ip. It carries already a Lorentz representation. 

Another, not unrelated remark concerns the transfor- 
mation behavior of the Dirac matrices. Since the 7 a 's, 
just as ip, are defined in Dirac space, they will transform 
as 7 a — > S^S^ 1 , with S = exp[-(i/4)e cd a cd }. However, 
this transformation is exactly canceled by the transfor- 
mation concerning the vector index, namely 7° — > A a & 7 b , 
if, again, A a b = S b + e a b . As a result, 7 a and also a c d are 
invariant under (10). 

In 0, we have split the transformation (10) in a pure 
Lorentz transformation, concerning only the Lorentz con- 
nection and leaving invariant, and a frame transfor- 
mation, — > A a b e b ml with r ab m invariant. Here, we deal 
with the question, whether (9) is invariant under the re- 
stricted class of frame transformations that leave T^ kl ^ 
invariant. Before we do this, it is necessary to define the 
behavior of the spinor field under those transformations. 
Following .l]|, we require again that the result of both 
transformations (Lorentz + frame) should be equivalent 
to a Poincare transformation (10). This leaves us essen- 
tially with two possibilities. The first is to extend the 
Lorentz transformation to 

ip — » e~i e ° acd ip, 



V a — » A a A d V c — A C A° 
e a —> e° (11) 

and consequently, the frame transformation affects only 
and leaves connection and spinor field invariant. How- 
ever, it is quite easy to see that (9) is neither invariant 
under (11), nor under the corresponding frame transfor- 
mation, not even under the restricted class. Indeed, even 
if we eliminate the torsion completely, (9) would still not 
be invariant under (11). 

Nevertheless, it turns out that (9) is invariant under 
a different kind of restricted frame transformations. Let 
us define, instead of (11), the following Lorentz transfor- 
mation 

ip -f %p, 

pa \a a dpc _ a CAa 

e m ~^ e m> (12) 

as well as the corresponding frame transformation 

ip — > e~^ Ead,Jad Tp, 

pa pa 

bm bm ' 

e a m - A%e b m . (13) 

Clearly, the combination of (12) and (13) leads again 
to the Poincare transformation (10), under which our 
Lagrangian is invariant. Therefore, invariance under (12) 
implies invariance under (13) and vice versa. 

Applying an infinitesimal transformation (12), 
ST ab m = —D m e ab , to the Lagrangian (9), we find for the 
variation 

8L m = —ft-ftTab + <J abl c )eTD m s ab . (14) 

o 

For general e ab , this does certainly not vanish. However, 
for our restricted class of transformations, we require the 
totally antisymmetric part of the torsion to be invariant. 
Therefore, from Eq. (8), we find (for A a b = 8% + e\) the 
constraint 

e [la e b k D t] e\ = 

where the antisymmetrization is to be performed over 
[Iki]. Since the antisymmetrization process is not trou- 
bled by changing spacetime indices into tangent space 
indices, we also have 

e m[c D m e ab] = (15) 

for the restricted class of transformations (antisymmetry 
over [a&c]). It is well known that the factor (7 c Ca6+Cab7c) 
appearing in (14) is totally antisymmetric and therefore, 
we can conclude that (9) is indeed invariant under (12) 
and (13) for the restricted class of transformations un- 
derlying the constraint (15). 

Unfortunately, (12) has nothing to do with a Lorentz 
gauge transformation, and in (13), there are quite a few 
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things more involved than just a frame transformation. 
(Especially since the spinor space transformation on ip 
induces also a transformation of the Dirac matrices, as 
outlined above, which will have to be canceled by the 
corresponding Lorcntz transformation.) We do not know 
whether the authors of and had the transformation 
(13) in mind, when they stated that the Dirac Lagrangian 
was invariant under a restricted class of frame transfor- 
mations, but it is the only way to realize this. 

Fortunately, for the derivation of the field equations 
and of conservation equations, it is of no importance 
whether -0 transforms, under a certain transformation, 
in the way of (11) or of (12), since in the total vari- 
ation 5C m = (S£ rn /Se a m )Se^ + (SjC m /5T ab m )ST ab m + 
{5C m /5^)5ip, the last term does not contribute anyway, 
independently of the explicit form of 5tj), because on-shell, 
the Dirac equation SCm/Sip = will be satisfied. 

Although in a different way as naively expected, the 
spin 1/2 Lagrangian reveals itself to be invariant under 
those transformations that leave the axial part of the tor- 
sion tensor invariant, and can thus be consistently cou- 
pled to our theory. 

Unfortunately, in the case of spin 3/2 particles, the 
situation is not so favorable. Those particles couple to 
each of the irreducible parts of the torsion (vector, axial 
and tensor), and a complete determination of the tor- 
sion by the field equations is thus required in order to 
get a predictable behavior of those particle. Otherwise 
stated, spin 3/2 particle Lagrangians are not invariant 
under the restricted frame invariance. However, it must 
be realized that such particles have not been observed in 
experiments so far and the reasons for introducing them 
are purely theoretical and confined to supersymmetric 
theories. More precisely, in supergravity theories, the 
supersymmetric partner of the spin two graviton is de- 
scribed by a spin 3/2 field. However, we wish to point out 
that supergravity theories in their present form are not 
suitable for a generalization to theories with propagating 
torsion and curvature and therefore, they will eventually 
have to be adapted to those case, if we are to insist on 
our concepts of a similar description of spin and momen- 
tum on one hand and curvature and torsion on the other 
hand. 

For simplicity, we confine ourselves to N = 1 super- 
gravity and refer the reader to the introductory review 
paper of van Nieuwenhuizen . The Lagrangian consists 
essentially of the Einstein-Cartan term and a spin 3/2 
gravitino term, if we neglect contributions that are due 
to the cosmological constant. However, it turns out that 
the action is not invariant under supersymmetry transfor- 
mations unless constraints are introduced. In N = 1 su- 
pergravity, the constraint that is needed to render the ac- 
tion supersymmetric coincides with the Cartan equation, 
which means essentially that the torsion is proportional 
to (a linear combination of) the spin of the gravitino. (In 
more general theories, the constraints will not be given by 
a field equation and have to be put in by hand.) Clearly, 
a theory in which the torsion has to be eliminated in ad- 



vance, either by solving the Cartan equation, or by fixing 
it introducing a constraint, is not suitable as a starting 
point for the construction of a theory with propagating 
torsion. Even in the case where the Cartan equation is 
still suitable as constraint, we would not be able to solve 
it algebraically in generalized theories. 

Another point concerns the very base of the concept 
of supersymmetry. It is usually viewed as a gauge trans- 
formation that relates fermions to bosons and vice versa. 
This is indeed realized in the N = 1 model for instance, 
where the torsion is eliminated algebraically and the re- 
maining dynamical fields are essentially the metric gik 
(or the tetrad), and its superpartner, the spin 3/2 grav- 
itino. However, if we start from a theory with propa- 
gating torsion and curvature, and try to construct its 
supersymmetric generalization, it can be expected that, 
apart from the gravitino, one will also need a fermionic 
superpartner for the connection T ab m , which then has the 
status of an independent dynamical field. A similar view 
has been expressed in ^Jj in the context of superconfor- 
mal gravity. 

As a result, there is no much sense in analyzing 
the transformation behavior of conventional supergravity 
theories under frame transformations, since they are not 
suitable for the generalization to Lagrangians of the form 
(1) in their present form. The first step would be to con- 
struct supersymmetric theories allowing for both prop- 
agating torsion and curvature, and then to analyze the 
question whether their are theories among them that re- 
duce, in the spinless limit, to the one-parameter telepar- 
allel field equations. 

We conclude that, as far as the standard model par- 
ticles (gauge bosons, leptons, quarks, scalar fields) are 
concerned, the restricted frame invariance of the gravi- 
tational Lagrangian (1) does not lead to inconsistencies, 
because those parts of the torsion that remain undeter- 
mined by the field equations, as a result of the frame 
invariance, do not couple to any of those particles and 
are thus unobservable. This is a result of the fact that 
the corresponding particle Lagrangians are invariant too 
under the restricted class of frame transformations. 



IV. THE CONFORMAL KERR-SCHILD CLASS 

This section is entirely devoted to the classical limit of 
the field equations and to the problem of the experimen- 
tal viability of the theory. (Unfortunately, experiments 
involving spin effects of elementary particles in connec- 
tion with gravity have not been carried out to date, be- 
cause of the smallness of the expected effects.) 

We take here the standpoint that general relativity is 
experimentally viable in all aspects, and therefore, in- 
stead of confronting our theory directly with the experi- 
ment, we simply compare it with general relativity. 

As we have pointed out at the end of section II, 
our equations (5,6) are not exactly those of the purely 
teleparallel theory, because in the latter, the Cartan 
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equation is naturally absent. They share however the 
class of solutions with T^'l = 0. Clearly, in virtue of 
Eq. (5), every solution of our classical equations is also 
a solution of general relativity. 

Therefore, we have already solved our problem: Ev- 
ery solution of (5,6) is also a solution of general rela- 
tivity (and a solution of the conventional one-parameter 
teleparallel theory). General relativity and our theory 
in the classical limit have in common the solutions that 
satisfy = 0. 

More precisely, one should say the solutions that can 
be brought into a form where T^ lkl ^ = 0, since to a given 
metric, there are many possible choices for the tetrad field 
(related by frame transformations), leading to different 
torsion tensors. (Recall that in the classical limit, we can 
always choose T ab m = 0.) 

An example of such a class of metrics can already be 
found in Q ■ It is the class of metrics that are diagonal 
and contains, according to the authors, many static so- 
lutions with high symmetry, especially the Schwarzschild 
and the Reisner-Nordstr0m solutions. 

We have found yet another, larger class of metrics, 
namely the conformal Kerr-Schild class, given by metrics 
of the form 

fM = <p 2 {Vtk - hkk), (16) 

where <p is a scalar field, rjn- the Minkowski metric and 
ki a null- vector field, satisfying rf k kik k = 0. 

For simplicity, we first investigate the case ip = 1. If 
we define k l — rf k k kl then we have for the inverse of 
the metric g %k = rf + k l k k and consistently, k % = g tk k k . 
Note also the relations gi k k l k k = r\i k k % k k — 0. We choose 
the tetrad field as 

ef = Sf - ±6?k%. (17) 

Obviously, efe b k n a t, = rj ik — hkk- The inverse is given by 
e l a — S l a + ^5 l a k l ki. For the torsion, we find 

T a - p a — p a 

= -ls a m (k m k k )^ + ls a m (k m h), k , (18) 
and its spacetime form reads 

Tmik = ~(k m k k ) t i + ~(k m ki),k- (19) 

In deriving those equations, it is helpful to note the rela- 
tion k l ki : k = kik 1 k = 0. Obviously, the totally antisym- 
metric part of T m ik vanishes. 

In order to generalize this result to the metrics of the 
form (16), we show the transformation behavior of T a ik 
under a conformal transformation e m — > <pe ml i.e., — > 
P 2 9ik- We find for the transformed torsion 

f a ik = pT a lk + ip,i e a k ~ p, k e a t , (20) 

leading to 

Tmik = <-p 2 Tmik + fif.i g m k - f,k 9mi]- (21) 



Clearly, if the axial part of T m i k vanishes, then so does 
the axial part of T m i k , which completes our argument. 

Let us point out that the above transformation of T a ik 
follows directly from the specific form of the torsion ten- 
sor in the teleparallel limit (r ab j = 0) of our theory, as 
given by the first line in (18), and the transformation 
behavior of e m . This is not to be confused with what 
is usually called conformal transformation in the frame- 
work of Poincare gauge theory, which requires the specifi- 
cation of the transformation behavior of both tetrad and 
connection. Such transformations have been considered 
in, e.g., m relation with Riemann-Cartan-Weyl 

geometries. A complete classification of conformal, pro- 
jective and dilational (or scale) transformations in the 
more general framework of metric affine theory can be 
found in Q- 

It is important to remark that, although the explicit 
form of the metric (16) is highly coordinate dependent, 
the final relation, T^ lkl ^ = 0, is a tensor relation, and 
therefore holds independently of the coordinate choice. 
This means that, whenever a solution of general relativity 
can be brought into the form (16), there will always be 
a choice for the tetrad, unique up to the restricted frame 
transformations underlying the constraint (15), such that 
rp[iki] vanighg^ This particular tetrad is then a solution 
to our classical field equations (5,6), and more generally 
to the field equations of the one-parameter teleparallel 
theory. 

In the case where such a general relativity solution is 
given in a different coordinate system, we do not know 
a priori what will be the corresponding tetrad field sat- 
isfying rl lfci l = 0, but we certainly know that it exists. 
For instance, to the Schwarzschild solution in its conven- 
tional, diagonal, form corresponds a diagonal tetrad field 
(see 0). 

The class (16) corresponds to the metrics conformal to 
the Kerr-Schild class and is well known in the context 
of general relativity (see, e.g., ^3)- I n the simple Kerr- 
Schild class (ip = 1), we find, among others, the known 
black hole solutions (Schwarzschild, Reisner-Nordstr0m, 
Kerr and Kerr-Newman) as well as exact wave solutions 
(see 0). On the other hand, for ki = 0, we are dealing 
with conformally flat metrics. This class contains, for in- 
stance, the important cosmological Friedman-Robertson- 
Walker solutions, when transformed into a suitable coor- 
dinate system. Examples of solutions containing both ip 
and ki can be found in |15|. where inner Schwarzschild 
solutions have been derived in the form (16). 

Consequently, our classical limit field equations (5,6), 
although stronger than the equations of general relativity, 
nevertheless admit a large class of solutions, containing 
all those solutions that have been related to experiments 
so far. The theory described by the Lagrangian (1) can 
therefore be considered to be experimentally viable. 

Let us note once again that in the conventional one- 
parameter teleparallel theory, as conceived by @, the 
constraint is missing, and the Einstein equations 

therefore contain additional contributions. This allows 
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eventually for more solutions, but does not affect the 
above arguments. 

It is interesting to note that a teleparallel form of the 
Kerr metric has also be found for the case A = (i.e., the 
teleparallel equivalent of general relativity) in 16], where 
the torsion is, in complete contrast to our case, purely 
axial. The authors then conclude, correctly, on a spin 
precession effect for a Dirac electron in this field. On the 
other hand, using the Kerr solution in the form (17), we 
will find no such effect. This is a concrete example for the 
inconsistency of the theory with A = 0, which allows for 
both, physically inequivalent solutions, illustrating very 
clearly the arguments given in 0. Once we choose A ^ 
0, the only allowed solutions (for a classical source) are 
constraint to 

T [iki\ = 0j and the 

remaining freedom in 
the choice of the tetrad field (restricted frame invariance) 
does not affect the spin precession. 

It is also worthwhile to note that, in view of Eq. (6) 
and the results of sec. Ill, all test particles in a classi- 
cal field configuration will move on geodesies, since the 
the only part of the torsion they eventually couple to is 
zero. More generally, the evolution of a spinning particle 
(momentum propagation, spin precession, . . . ) does not 
differ from that of a spinless particle. Consequently, in 
order to study intrinsic spin effects, one has to consider 
fields created by spinning sources. 

Finally, we wish to point out that in the framework of 
the purely teleparallel theory, the Kerr black hole coun- 
terpart of the one-parameter theory has been found (see 
|17| and 01) an d later on generalized to the charged 
case [l9j| . The solutions contain an additional param- 
eter (apart from the angular momentum parameter of 
the Kerr metric and the charge parameter in the Kerr- 
Newman case), and coincide with the Kerr and Kerr- 
Newman solutions only for a specific value of that pa- 
rameter. It is concluded that no experimental distinction 
of those solutions to the corresponding general relativity 
solutions is possible in the presence of scalar, spin 1/2 
and Yang-Mills fields. This is consistent with our re- 
sults of section III. Indeed, the solutions corresponding 
to different values of the parameter only differ by their 
axial torsion parts, which do, however, not couple to the 
mentioned fields. 



V. FINAL REMARKS 

Hoping to resolve the inconsistency of the Poincare 
gauge theories with a teleparallel limit, we followed the 
step performed by Hayashi and Shirafuji in the frame- 
work of the purely teleparallel theory and introduced 
the term XT^^Tu^n that breaks the frame invariance 
of the theory. We showed that this improved theory 
can indeed be coupled consistently to all the standard 
model elementary particles, using the fact that the re- 
maining, restricted, frame invariance of the gravitational 
Lagrangian is also a symmetry of the matter Lagrangians 
(Yang-Mills, Higgs, Dirac . . . ). It turns out that in the 



spin 1/2 case, in order to assure this invariance, a spinor 
transformation has to be performed simultaneously with 
the frame change. 

In a second part, we concentrated on the experimental 
aspects of the theory. Although the field equations, in the 
classical limit, now differ from those of general relativity 
(in contrast to the theories discussed in p|), we were able 
to show that they share a very important class of solu- 
tions with the latter. More precisely, every solution of 
general relativity that can be brought into a form con- 
formal to the Kerr-Schild metric is also a solution to our 
theory. This class contains every solution so far involved 
in any experimental procedure, and many other solutions 
that have been subject to theoretical investigations in 
the past, notably the black hole solutions (Schwarzschild, 
Kerr, Reisner-Nordstr0m, Kerr-Newman) and many cos- 
mological solutions. Thus, we can conclude that, as far as 
the classical limit is concerned, the theory is experimen- 
tally indistinguishable from general relativity. Experi- 
ments involving the gravitational interaction of particles 
with intrinsic spin are needed to conclude further. 

In spite of these positive results, we would like to 
express some doubts that the introduction of the term 
XT^ lkl ^Tuu] is really the way to proceed. Concerning the 
free gravitational fields, it seems quite arbitrary to break 
the frame invariance as far as possible, leading to con- 
straints in the field equations that leave just enough free- 
dom to allow for the most important general relativity so- 
lutions. The fact that this (explicit) symmetry breaking 
reveals itself as, again, just enough to resolve the incon- 
sistencies concerning the coupling to elementary particles 
could be seen as a coincidence. Or, otherwise stated, does 
the fact that, so far, the only observed half-integer spin 
particles are of spin 1/2, justify the use of a theory that 
excludes the coupling to higher spin particles a priori? 

On the other hand, apart from the inconsistencies aris- 
ing from the restricted frame invariance, there are also 
algebraic consistency problems. Indeed, it is well known 
that in a Ricmannian geometry, the presence of matter 
fields with spin higher than 2 leads to severe restrictions 
(the so-called consistency conditions) on the curvature 
tensor which are so strong that it is actually almost im- 
possible to construct reasonable theories involving such 
fields in curved spacetime. Extending the analysis to 
the case of Riemann-Cartan geometry, it was found that 
strong consistency conditions on curvature and torsion 
arise already for fields with spin larger than 1/2. (Ex- 
cept for spin one gauge fields, which are considered to be 
one-forms and do not couple to torsion.) For details, see 
[2(j- and references therein. Thus, in view of these 
algebraic inconsistencies concerning higher spin fermions 
on a Riemann-Cartan background geometry, it does not 
seem much of a drawback to have additional dynamical 
inconsistencies arising as a result of the specific choice of 
the gravitational Lagrangian. It simply means that we 
cannot allow for higher spin fermions. (Note that super- 
gravity, as a specific combination of spin 2 and spin 3/2 
fields, is not subject to the above problem, but as men- 
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tioned earlier, the torsion is non-dynamical and directly 
related to the spin density of the gravitino. Therefore, 
in that framework, it makes hardly sense to talk of a 
gravitino in a torsion background.) 

Another point concerns the interpretation of the re- 
stricted frame invariance, especially in view of the spinor 
transformation involved [see Eqs. (12,13)]. Even in the 
unrestricted form, the transformations cannot be iden- 
tified neither as gauge, nor as frame transformations in 
the strict sense. The role of the additional constraint 
[Eq. (15)] is even less clearer. One might prefer to 
work with theories that are free of symmetries to which 
no physical interpretation can be asserted to, as is the 
case for Einstein-Cartan theory or other Poincare gauge 
models with a Riemannian (instead of tclcparallcl) limit. 
There, however, one has to pay the price of either putting 
some limits on the involved coupling constants (in or- 
der to reduce the deviation from general relativity to an 
experimentally acceptable level) or of having only non- 
propagating torsion fields (Einstein-Cartan). 

Finally, and most importantly, there is the question of 
how we deal with compound particles, or macroscopic, 
spin polarized bodies (e.g., neutron stars). It has been 
argued in [24| that in the limit of large spin (>> 1), 
particles will couple to the complete torsion tensor, and 
that this will be the case for macroscopic spin polarized 
matter too (see |25| for a detailed review concerning the 
spin-torsion couplings and the resulting equations of mo- 



tion) . A concrete example is given by the model of the 
Weyssenhoff fluid with intrinsic spin, where the spin den- 
sity is considered to be of the form J ea ab m d 3 x ~ a a bU m , 
where a a b is the spin tensor and u m the four- velocity (see 
[2^ for the detailed treatment of the Weyssenhoff fluid 
in a Riemann-Cartan framework). Especially, since o~kn 
is not totally antisymmetric, it will couple to non-axial 
torsion contributions. Thus, if we do not want to run 
into trouble, we have to reconsider those semi-classical 
models of intrinsic spinning matter distributions. 

We conclude that the theories presented in this article 
are consistent in the presence of the standard model mat- 
ter fields and are experimentally viable. The coupling to 
higher half-integer spin fields is not possible and there are 
doubts on the consistency of the macroscopic spin-torsion 
coupling. Further, the restricted frame invariance of the 
theories lacks a physical interpretation and the introduc- 
tion of the term AT^T^n seems arbitrary. 
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